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Abstract 
Redish, K.A. and W.F. Smyth, Closed from expressions for the iterated floor function, 
Discrete Mathematics 91 (1991) 317-321. 
For positive integers k, r, and n 2 k + 1, the iterated floor function f_ is defined by 
f,,,(k + 1) = r; f*.,(n) = [&fk,,(n - 111, n > k + 1. 
A special case (k = r = 3) of this function occurs as an upper bound on the number of 
3-subsets, excluding tetrahedra, of an n-set (Turan’s problem). For certain values of k and r, 
this note establishes closed form expressions for fk,,, then uses them to prove some interesting 
properties. 
For positive integers k, r, and 12 2 k + 1, the iterated floor function fk,r is 
defined by 
fk,,(k + 1) = r; A&) = [SfkAn - 111, n > k + 1. 
The special case j& occurs as an upper bound on the number of nontetrahedral 
3-subsets of an n-set [l]. We state our results as a sequence of lemmas. 
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Lemma 1. For every positive integer p, 
f k.p(k+l@) = P( ;>. 
Proof. 
Lemma 
Proof. 
From 
By induction on n. Cl 
2. For all positive integers p and q, 
f kdk+0+&) =fkp(k+&) +fk,,(n)- 
By induction on n. 0 
Lemmas 1 and 2 it follows that the calculation of the iterated floor 
function reduces to the determination of fk,q, q = 1, . . . , k. Since fi,l(n) = 1, 
n 3 2, these results then permit us to characterize f,,r completely; and, since 
f2,1(n) = n - 2, leaves only f2,2 to be determined for k = 2. Indeed, since for each 
l<q<k, 
f/w(l) +fk,k--y+l(l) =fk.k+l(l)> 
it follows by induction that 
fk,,(n) +fk,bq+l(n) sfk,k+dn) = (J: 
hence the determination of any fk,,(n) yields an immediate upper bound on 
fk,k_,+l(n). Moreover, when k is a prime number, sharper results are possible, as 
a consequence of the following well-known identity. 
Lemma 3. An integer k is prime if and only if for every n 3 k, 
0 i = Lnlk] (mod k). 
Proof. See [2, p. 68, exercise lo]. El 
We can now state and prove our main result. 
Lemma 4. For every prime number k, 
fk.&) = ((k - I)( l> + ln/kl]lk. 
Proof. When n = k + 1, the identity holds, since 
((k-l)(k;l)+ [yj}/k=k=f&(k+l). 
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Suppose therefore that the result is true for some n = ak + b 2 k + 1, where a 
and b are integers, a 3 1, and 0 G b G k - 1. By definition, 
where we observe from Lemma 3 that 
(k - l)( n : ‘) = (k - 1) [?I (mod k). 
Setting 
T= 
n+l 
n-k+1 
a, 
and observing that T s a, we consider two cases: 
Case (a): b <k - 1. 
Heren+l=ak+b+land,sincea=l+b>O, 
a(ak + b + 1) ak 
T=(a-l)k+b+l=a+(a-l)k+b+l<a+k~ 
It follows then that 
fdn + 1) = I{ @ - l)(n i ‘) + [F])/k + (a _ l)J+ b + I1 
=((k-l)(nkfl)+ [FJ)/k, 
by Lemma 3. 
Case (b): b = k - 1. 
In this case, n + 1 = (a + 1)k and 
T=a(a+l)k=n+l= n+l 
ak L I k ’ 
and the result is immediate. 0 
Lemma 5. For every prime number k and every positive integer p, 
f k,cp+l)k+p(n) = { l( p + 1)k - ll( i) + Ldkl }/k. 
Proof. An immediate consequence of Lemmas 1, 2, and 4. 0 
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We remark that each of the functions f k,k can also be represented as a set of k 
polynomials f $$., 0 s i s k - 1, where 
= (,& (-I)*-‘[ :]nj/(k - 2)! + (n - i))/k’, 
. . 
and the symbols [r] denote Stirling numbers of the first kind. In this form the 
arguments of f&(n) are restricted to n = ak + i. 
Our final lemma establishes some interesting properties of fk,k. 
Lemma 6. For every prime number k and every positive integer a, 
(a) a If&n), n = ak, ak + k - 1; 
(b) ak ( fk,Jn), n = ak + 1, ak + k - 2. 
Proof. (a) Suppose n = ak, and observe from Lemma 4 that fk,k(n) can be 
rewritten as follows: 
fkAn)=((k-l)(;)+a}/k 
= a{(n - l)(n - 2). . . (n - k + 1) + (k - 2)!}/(k - 2)! k 
= aP(n)/(k - 2)! k, 
where P(n) is a polynomial with constant term 
(k - l)! + (k - 2)! = (k - 2)! k. 
Since n = ak, it must be true then that k 1 P(n); further, since 
P(n) = (k - l)! (; 1:) + (k - 2)!, 
it is also true that (k - 2)! 1 P(n). S ince (k - 2)! and k have no common factor, 
we conclude then that a ) f,,,(ak), as required. 
A similar argument establishes the result for 12 = ak + k - 1. 
(b) Suppose now that n = ak + 1, and observe that with a little manipulation, 
fk,k(ak + 1) as given by Lemma 4 can be rewritten 
fk,Jn) = a(k - 2)!((ak + I)(:fi) + l)l(k - 2)! k. 
On the other hand, setting m = ak, we may also write 
f&(n) = aQ(m)l(k -V k 
where Q(m) is the following polynomial in m: 
Q(m) = (m’- l){(m - 2) * * * (m -k + 2)) + (k - 2)!. 
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With a little algebra, we conclude that Q(m) has no constant term and, further, 
that its linear term is 
k(k - 3)ak/2, 
so that Q(m) must be divisible by k*. Since (k - 2)! and k have no common 
factor, it follows that ak Ifk,k(n). 
As in (a), the corresponding result for n = ak + k - 2 follows from a similar 
argument. 0 
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